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a b s t r a c t
This paper presents a 4D new hyperchaotic system which is constructed by a linear
controller to a 3D Lü system. Some complex dynamical behaviors such as Hopf bifurcation,
chaos and hyperchaos of the simple 4D autonomous system are investigated and
analyzed. The corresponding hyperchaotic and chaotic attractor is first numerically verified
through investigating phase trajectories, Lyapunove exponents, bifurcation path, analysis
of power spectrum and Poincaré projections. Furthermore, the design is illustrated with
both simulations and experiments. Finally, the control problem of a new hyperchaotic
system is investigated using negative feedback control. Ordinary feedback control,
dislocated feedback control and speed feedback control are used to suppress hyperchaos
to an unstable equilibrium. Numerical simulations are presented to demonstrate the
effectiveness of the proposed controllers.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Hyperchaos characterized with more than one positive Lyapunov exponent, has attracted increasing attention from
various scientific and engineering communities. It is very important to generate hyperchaos with more complicated
dynamics as amodel for theoretical research and practical implication. Hyperchaos was first reported by Rossler in 1979 [1].
Since then, some other hyperchaos has also been found [2–9]. Generating a hyperchaotic attractor, in particular purposefully
designing a hyperchaotic system from an originally chaotic but non-hyperchaotic systemwith some simple feedback control
techniques, is a theoretically very attractive and yet technically quite challenging task. Li et al. designed a hyperchaos
through adding a state-feedback controller to the first control input to drive a unified chaotic system to generate hyperchaos,
and it was demonstrated by bifurcation analysis and an electronic circuit implementation [10]. Murali et al. presented the
methodology of generating simple hyperchaos circuits with a stable and an unstable oscillator, which was demonstrated
by means of different simple hyperchaotic circuits with core RC sinusoidal oscillator and diode as the single nonlinear
element [11].
The Lorenz system is the first mathematical and physical model of chaos, thereby becoming the starting point and
foundation stone for later research on chaos theory. There are also some chaotic systems of great significance that are closely
related to the Lorenz system, examples of which are the Chen system and the Lü system. Despite their similar structure to
the Lorenz system, they are not topologically equivalent [12–14]. In a sense defined in [15], the Lorenz system satisfies the
condition a12a21 > 0, while the Chen system satisfies a12a21 < 0, and the Lü system satisfies the condition a12a21 = 0.
On the other hand, since chaos has a broad spectrum of applications in the fields of biological systems, electrical
engineering, computer and information processing, etc., controlling these complex chaotic dynamics for engineering
applications has emerged as a new and attractive field and has developed many profound theories and methodologies.
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a b
Fig. 1. The chaotic attractor of the Lü system (1) (a) in the plane x–z; (b) in the space z–x–y.
a b
Fig. 2. (a) Poincaré mapping on the x–z plane and (b) power spectrum of time series x(t) for the Lü system (1).
Recently, following the pioneering work of Ott et al., different control strategies for stabilizing chaos also have been
proposed, such as adaptive control, time delay control, and fuzzy control. Generally speaking, there are twomain approaches
for controlling chaos: feedback control and non-feedback control. Among the typical methods [16–27], feedback control is
especially attractive and has been commonly applied to practical implementation due to its simplicity in configuration
and implementation. Hyperchaotic systems, possessing more than one positive Lyapunov exponent, have more complex
behaviors and abundant dynamics than chaotic systems. How to realize control and synchronization of hyperchaotic systems
is an interesting and challenging work (see e.g. [28,29,4,30–39] as well as their references).
This letter presents a new hyperchaotic system, which is generated by driving the Lü system [13] with a quadratic term
controller. The generated hyperchaotic system is not only demonstrated by numerical simulations but also verified with
careful bifurcation analysis. Moreover, it is implemented via an electronic circuit and tested experimentally in a laboratory,
showing very good agreement with the simulation results.
The rest of this paper is organized as follows. In Section 2, the new hyperchaotic system is introduced. The dynamical
behaviors of this hyperchaotic system such as no-hopf bifurcation, Lyapunov exponents, fractal dimension and chaotic
behaviors are analyzed in Section 3. In Section 4, it is implemented via an electronic circuit and tested experimentally
in a laboratory, showing very good agreement with the simulation results. In Section 5, the control problem of a new
hyperchaotic system is investigated using negative feedback control. Finally, conclusions are drawn in Section 6.
2. Generating hyperchaos via a linear controller
2.1. Formulation of the system
Consider the Lü chaotic systemx˙ = a(y− x)
y˙ = cy− xz
z˙ = −bz + xy.
(1)
Let (a, b, c) = (36, 3, 20), the corresponding chaotic attractor is depicted in Fig. 1(a)–(b), which has a single positive
Lyapunov exponent, λ1 = 1.3316, while the others are λ2 = −0.0000 and λ3 = −20.3315, respectively. (Note: our
numerical computations are based on the 4th order Runge–Kutta integration scheme. It uses the traditional Gram–Schmidt
orthogonalization to determine the Lyapunov exponents.) Fig. 2 shows the Poincaré mapping on the x–z plane and power
spectrum of time series x(t) for the Lü chaotic system. More detailed complex dynamics of the Lü system can be seen in
Ref. [13].
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Fig. 3. The phase portraits of hyperchaotic Lü system (2) (a) projection on x–w; (b) projection on z–w; (c) projection on y–z; (d) projection on x–z; (e)
projection on x–y.
a b
Fig. 4. (a) Poincaré mapping on the x–z plane and (b) power spectrum of time series x(t) for the Lü system (2).
By introducing a linear feedback controller to the second equation of system (1), the following hyperchaotic system is
obtained:
x˙ = a(y− x)
y˙ = cy− xz + w
z˙ = −bz + xy
w˙ = −k1x− k2y,
(2)
where k1 and k2 are two constant parameters, determining the chaotic and hyperchaotic behaviors and bifurcations of
the system. Thus, the controller w has made the chaotic system a 4D hyperchaotic system (1), which has four Lyapunov
exponents. When (k1, k2) = (2, 2), the four Lyapunov exponents are
λLE1 = 1.4106, λLE2 = 0.1232, λLE3 = 0.0000, λLE4 = −20.5339,
and the Lyapunov dimension is DL = 3.0747.Moreover, numerical simulations have verified that system (2) indeed has a
hyperchaotic attractor when (k1, k2) = (2, 2), as depicted in Fig. 3. Fig. 4 shows the Poincaré mapping on the x–z plane and
power spectrum of time series x(t) for this hyperchaotic system.
3. Dynamical behaviors of the hyperchaotic system
This section further investigates the dynamical behaviors of the hyperchaotic system (2), including dissipativity,
equilibria and stability, Lyapunov exponents, and bifurcation diagrams.
First, Figs. 5–10 show some typical dynamical behaviors of the system.
3.1. Dissipativity
For system (2), it is noticed that ∇V = ∂ x˙
∂x + ∂ y˙∂y + ∂ z˙∂z + ∂w˙∂w = −(a+ b− c) = −19 for a = 36, b = 3, c = 20, and any
values k1, k2. So, the system is dissipative with an exponential contraction rate: dVdt = −(a+b− c)V for any values of k1 and
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k2. That is, a volume element V0 is contracted by the flow into a volume element V0e−(a+b−c)t in time t . This means that each
volume containing the system orbit shrinks to zero as t →∞ at an exponential rate,−(a+ b− c), which is independent of
x, y, z andw. Therefore, all system orbits are ultimately confined to some subset of zero volume, and the asymptotic motion
settles on some attractors.
3.2. Equilibria and stability
It is clear that system (2) (and thus its solution) is invariant under the transformation T (x, y, z, w)→ (−x,−y, z,−w).
This means that any orbit that is not itself invariant under T must have its ‘‘twin’’ orbit in the sense of this transformation.
3.2.1. The hyperbolic case with parameters k1 + k2 ≠ 0
For k1+k2 ≠ 0, the origin O(0, 0, 0, 0) is a unique equilibrium. In this case, system (2) is a hyperbolic system. Linearizing
system (2) at O(0, 0, 0, 0) now yields the Jacobian matrix
A =
−a a 0 00 c 0 10 0 −b 0
−k1 −k2 0 0

and its characteristic equation
∆(λ) = (λ+ b)[λ3 + (a− c)λ2 + (k2 − ac)λ+ a(k1 + k2)] = 0, (3)
which gives λ1 = −b, and
∆0(λ) = λ3 + (a− c)λ2 + (k2 − ac)λ+ a(k1 + k2) = 0. (4)
Let
A1 = a− c, B1 = k2 − ac, C1 = a(k1 + k2).
Then, according to the Routh–Hurwitz criterion, the real parts of all the roots λ in ∆0(λ) = 0 are negative if and only if
A1 > 0, C1 > 0, and A1B1 − C1 > 0. From these inequalities, one obtains
a > c, ac(c − a) > ak1 + ck2. (5)
Based on the above discussion, the following property is verified.
Theorem 3.1. Let k1 + k2 ≠ 0. Then, the system (2) has a unique equilibrium O(0, 0, 0, 0). Furthermore, the necessary and
sufficient condition for equilibrium O to be locally stable is a > c, b > 0 and ac(c − a) > ak1 + ck2.
Suppose that k1 > 0 and k2 > 0. One can reduce the following corollary.
Theorem 3.2. Let k1 > 0 and k2 > 0. Then, the system (2) has a unique equilibrium O(0, 0, 0, 0) for a > c. Furthermore, the
equilibrium O is unstable.
Remark 3.1. For (a, b, c) = (36, 3, 20) and k1, k2 > 0, system (2) has a unique equilibrium O(0, 0, 0, 0) and is unstable.
Theorem 3.3 (Existence of Hopf Bifurcation). Suppose that a > c and k1, k2 > 0 holds. Then, the system (2) has no Hopf
bifurcation at the equilibrium O(0, 0, 0, 0).
Proof. Suppose that the Eq. (4) has a pure imaginary root λ = iω, (ω ∈ R+). Substituting it into (4) yields
(a− c)ω2 − a(k1 + k2)+ iω(ac − k2 + ω2) = 0.
It follows that
ω2 = a(k1 + k2)/(a− c), ω2 = k2 − ac,
which implies that
ak2 + ck1 = −ac(a− c).
This is inconsistent of a > c , k1, k2 > 0. Consequently, Hopf bifurcation never exists. 
Remark 3.2. For (a, b, c) = (36, 3, 20) and k1, k2 > 0, the system (2) has no Hopf bifurcation at the equilibrium
O(0, 0, 0, 0).
3.2.2. The non-hyperbolic case with parameters k1 + k2 = 0
It is easy to see that when k1 + k2 = 0, all the points in the form (x, x, x2b , x
3
b − cx), x ∈ R, are non-isolated equilibria
of the system. Therefore, in this case system (2) is non-hyperbolic. In this case, moreover, the non-hyperbolic system (2)
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Fig. 5. Lyapunov exponents of the Lü system (2) with a = 36, b = 3, c = 20, k1 = 2 and k2 ∈ [0, 45].
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Fig. 6. Bifurcation diagram of the Lü system (2) with a = 36, b = 3, c = 20, k1 = 2.
becomes
x˙ = a(y− x)
y˙ = cy− xz + w
z˙ = −bz + xy
w˙ = k1(y− x).
(6)
For any initial value (x0, y0, z0, w0), the corresponding 4D controlled system (6) projects the following 3D system
x˙ = a(y− x)
y˙ = k1
a
x+ cy− xz − k1
a
x0 + w0
z˙ = −bz + xy
(7)
on the subspace
Λk =

(x, y, z, w)|(x, y, z, w) ∈ R4, w − k1
a
x = w0 − k1a x0

.
In particular, for any initial value (x0, y0, z0, w0), if k1 = k2 = 0 then the corresponding controlled system (6) becomes
the 3D system (7), i.e,x˙ = a(y− x)
y˙ = cy− xz + w0
z˙ = −bz + xy
(8)
on the subspace
Λk =

(x, y, z, w)|(x, y, z, w) ∈ R4, w = w0

.
3.3. Lyapunov exponents and bifurcation diagrams
In the two sections below, some properties of the new four-dimensional system are discussed with k1 and k2 varying.
And the simulation results are further obtained by using Matlab Tools.
3.3.1. Fix k1 = 2 with a = 36, b = 3, c = 20 and vary k2
When k1 ∈ [0, 45] varies, the corresponding Lyapunov exponent spectra of system (2) are shown in Fig. 5. The bifurcation
diagram with respect to k2 ∈ [0, 45] is given in Figs. 6 and 7. It can be observed that the bifurcation diagram coincides
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Fig. 7. An enlargement of Fig. 6 with k2 ∈ [25, 45].
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Fig. 8. Lyapunov exponents of the Lü system (2) with a = 36, b = 3, c = 20, k2 = 2 and k1 ∈ [0, 45].
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Fig. 9. Bifurcation diagram of the Lü system (2) with a = 36, b = 3, c = 20 and k2 = 2.
well with the spectrum of Lyapunov exponents. Fig. 5 shows that system (2) is hyperchaotic for a very wide range of k2,
and the system can also evolve into chaotic orbits, periodic orbits and quasi-periodic orbits. From Figs. 5–7, the dynamical
behaviors of system (2) can be clearly observed.When k2 ∈ [0.0, 27.3], the first and the second largest Lyapunov exponents
are positive, implying that system (2) is hyperchaotic. System (2) only has one positive Lyapunov exponent when
k2 ∈ (31.4, 32.2], which indicates that the system gradually evolves into chaos. When k2 ∈ (27.3, 28.0](29.4, 31.4]
(32.2, 32.6][33.7, 36.2), the first and the second largest Lyapunov exponents almost equal zero. It means system (2) is
in a quasi-period motion state, which corresponds to bifurcation diagram [Fig. 6]. When k2 ∈ (28.0, 28.2](28.9, 29.4]
(32.6, 33.6][36.2, 45], system (2) is periodic, which corresponds to one line or several lines in bifurcation diagram [Fig. 7].
In particular, we observe that the bifurcation diagram of system (2) is several separated lines when k2 ≥ 36.2.
3.3.2. Fix k2 = 2 with a = 36, b = 3, c = 20 and vary k1
Fig. 8 shows the Lyapunov exponent spectrum of the system (2) with respect to parameter k1. And the corresponding
bifurcation diagram with k1 ∈ [0, 45] is shown in Figs. 9 and 10. With k1 increasing, the system (2) can evolve into
S. Pang, Y. Liu / Journal of Computational and Applied Mathematics 235 (2011) 2775–2789 2781
IS
I
30 35 40
k1
25 450.3
0.4
0.5
0.6
0.7
0.8
0.9
Fig. 10. An enlargement of Fig. 9 with k1 ∈ [25, 45].
Fig. 11. The diagram of implementation of the hyperchaotic system Lü system (2), where C1 = C2 = C3 = C4 = 1 nF, R1 = R2 = 2.78 k,
R3 = R4 = R5 = R6 = R10 = R11 = R12 = R13 = R16 = R17 = R18 = R19 = R22 = R23 = 10 k, R7 = 5 k, R8 = 100 k, R9 = R15 = 1 k,
R14 = 33.33 k, R20 = R21 = 50 k.
hyperchaotic, chaotic, quasi-periodic and periodic orbits. The Lyapunov exponent spectrum and bifurcation diagram
demonstrate that system (2) has complex behaviors as k1 varies. When k1 ∈ [0, 28.1], the first and the second largest
Lyapunov exponents are positive, implying that system (2) is hyperchaotic. System (2) only has one positive Lyapunov
exponent when k1 ∈ (28.1, 28.6), which indicates that the system gradually evolves into chaos. System (2) is in a quasi-
periodic motion state for a very wide range of k1 ∈ [28.6, 33.4], the system (2) is also quasi-periodic. There is a paroxysmal
chaotic phenomenon for k1 = 33.5. We observe that when k1 ∈ [33.6, 45], the largest Lyapunov exponent almost equals
zero, which means the system (2) is periodic.
4. Circuit realization of the new hyperchaotic system
In retrospect, to implement the chatic system via circuitry, there are two common methods: one is to use piece-wise
linear functions to replace the quadratic product terms xz and yz, and another is to use an absolute-value function and a
switch function to replace the two nonlinear terms. In this section, the system (2) is implemented by directly using an analog
multiplier to substitute the quadratic product term, without changing the original nonlinearity.
An electronic circuit has been designed to realize the 4D hyperchaotic Lü system (2), as shown in Fig. 11.
The circuit consists of four channels to conduct the integration of the four state variables x, y, z andw, respectively. The
operational amplifiers LM741 and associated circuitry perform the basic operations of addition, subtraction, and integration.
The nonlinear terms of system (2) are implemented with the analog multipliers AD633. This circuit performs the original
equations directly, and it has taken into consideration the working voltage scope for the operational amplifiers and analog
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Fig. 12. Experimental observations of the in different planes of hyperchaotic Lü system (2) (a) projection on x–w; (b) projection on z–w; (c) projection on
y–z; (d) projection on x–z; (e) projection on x–y.
multipliers, as well as their saturation property. Moreover, the sector voltage processing is completed in some channels.
The occurrence of the hyperchaotic attractor can be clearly seen from Fig. 12(a)–(e). By comparing it with Fig. 3(a)–(e), it
can be concluded that a good qualitative agreement between the numerical simulation and the experimental realization is
obtained.
5. Controlling hyperchaotic attractor
From Remark 3.1 one knows that the new hyperchaotic system (2) with a = 36, b = 3, c = 20 and k1 = k2 = 2 has
a unique equilibrium O(0, 0, 0, 0) and is unstable. In this section, one will control hyperchaos in system (2). The ordinary
feedback control, dislocated feedback control and speed feedback control are used to suppress hyperchaos to an unstable
equilibrium. Moreover, numerical simulations are applied to verify the effectiveness of chosen controllers.
To control the hyperchaotic system (2) to the unstable equilibrium O, one uses the feedback control approach to control
it. Assume that the controlled hyperchaotic system is given by
x˙ = a(y− x)+ u1
y˙ = cy− xz + w + u2
z˙ = −bz + xy+ u3
w˙ = −k1x− k2y+ u4,
where u1, u2, u3 and u4 are external negative feedback control inputs which will suitably derive the trajectory of the
hyperchaotic system, specified by (x, y, z, w) to the equilibrium O(0, 0, 0, 0) of uncontrolled system (i.e., ui = 0, i = 1,
2, 3, 4).
S. Pang, Y. Liu / Journal of Computational and Applied Mathematics 235 (2011) 2775–2789 2783
5.1. Ordinary feedback control
For the ordinary feedback control, the system variable is often multiplied by a coefficient as the feedback gain, and the
feedback gain is added to the right-hand of the corresponding equation.
Theorem 5.1. Let u2 = −ky (k > 0), u1 = u3 = u4 = 0, and the controlled hyperchaotic system be
x˙ = 36(y− x)
y˙ = 20y− xz + w − ky
z˙ = −3z + xy
w˙ = −2x− 2y,
(9)
where k is the feedback coefficient. Then, the necessary and sufficient condition for the controlled hyperchaotic system (9) to be
asymptotically stable at equilibrium E(0, 0, 0, 0) is k > 136 [71+
√
423793 ](:=20.0554).
Proof. The Jacobi matrix of system (9) is
A =
−36 36 0 00 20− k 0 10 0 −3 0
0 −2 −2 0

and its characteristic equation
∆(λ) = (λ+ 3)(λ3 + A1λ2 + A2λ+ A3) = 0,
where
A1 = 16+ k, A2 = 36k− 718, A3 = 144,
which gives
λ1 = −3,
and
∆0(λ) = λ3 + A1λ2 + A2λ+ A3 = 0.
Then, according to the Routh–Hurwitz criterion, the real parts of all the roots λ in∆(λ) = 0 are negative if and only if
A1 > 0, A3 > 0, A1A2 − A3 > 0.
Thus, when k > 136 [71 +
√
423793], the controlled hyperchaotic system (9) is asymptotically stable at equilibrium
E(0, 0, 0, 0). 
5.2. Dislocated feedback control
If a system variable multiplied by a coefficient is added to the right-hand side of another equation, this method is called
dislocated feedback control.
Theorem 5.2. Let u2 = −kx (k > 0), u1 = u3 = u4 = 0, and the controlled hyperchaotic system be
x˙ = 36(y− x)
y˙ = 20y− xz + w − kx
z˙ = −3z + xy
w˙ = −2x− 2y,
(10)
where k is the feedback coefficient. Then, the necessary and sufficient condition for the controlled hyperchaotic system (10) to be
asymptotically stable at equilibrium E(0, 0, 0, 0) is k > 72736 (:=20.1944).
Proof. The Jacobi matrix of system (10) is
A =
−36 36 0 0−k 20 0 10 0 −3 0
0 −2 −2 0

and its characteristic equation
∆(λ) = (λ+ 3)(λ3 + A1λ2 + A2λ+ A3) = 0,
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where
A1 = 16, A2 = 36k− 718, A3 = 144,
which gives
λ1 = −3,
and
∆0(λ) = λ3 + A1λ2 + A2λ+ A3 = 0.
Then, according to the Routh–Hurwitz criterion, the real parts of all the roots λ in ∆(λ) = 0 are negative if and only if
k > 72736 . Thus, the proof is completed. 
5.3. Speed feedback control
For the feedback control, the independent variable of a system function is oftenmultiplied by a coefficient as the feedback
gain, so the method is called displacement feedback control. Similarly, if the derivative of an independent variable is
multiplied by a coefficient as the feedback gain, it is called speed feedback control.
Theorem 5.3. Let u4 = −kx˙ (k > 0), u1 = u2 = u3 = 0, and the controlled hyperchaotic system be
x˙ = 36(y− x)
y˙ = 20y− xz + w
z˙ = −3z + xy
w˙ = −2x− 2y− kx˙,
(11)
where k is the feedback coefficient. Then, the necessary and sufficient condition for the controlled hyperchaotic system (11) to be
asymptotically stable at equilibrium E(0, 0, 0, 0) is k > 72736 (:=20.1944).
Proof. The Jacobi matrix of system (11) is
A =
−36 36 0 00 20 0 10 0 −3 0
0 −2+ 36k −2− 36k 0

and its characteristic equation
∆(λ) = (λ+ 3)(λ3 + A1λ2 + A2λ+ A3) = 0,
where
A1 = 16, A2 = 36k− 718, A3 = 144,
which gives
λ1 = −3,
and
∆0(λ) = λ3 + A1λ2 + A2λ+ A3 = 0.
Then, according to the Routh–Hurwitz criterion, the real parts of all the roots λ in ∆(λ) = 0 are negative if and only if
k > 72736 . Thus, the proof is completed. 
5.4. Numerical results
To verify the effectiveness and feasibility of the control approach, by using Matlab program, the numerical simulations
have been completed. In the simulations, The initial values are taken as [x(0) = 1, y(0) = 1, z(0) = 1, w(0) = 1]. The
behaviors of the states (x(t), y(t), z(t), w(t)) of the controlled hyperchaotic systems (9)–(11) with time t are displayed in
Figs. 13–15, respectively. And, one gives the circuit with control and their experimental results. Their electronic circuits are
shown in Figs. 16–18, respectively. From Figs. 19–21, it can be concluded that a good qualitative agreement between the
numerical simulation and the experimental realization is obtained.
S. Pang, Y. Liu / Journal of Computational and Applied Mathematics 235 (2011) 2775–2789 2785
0 0.5 1 1.5 2 2.5 3 3.5 4
t
z(t)w(t)
x(t)
y(t)
k=25
0
0.2
0.4
0.6
0.8
x
,y
,
z,
w
–0.2
1
Fig. 13. The state of system (9) with k = 25.
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Fig. 15. The state of system (11) with k = 25.
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Fig. 16. The diagram of implementation of the hyperchaotic system Lü system (2), where C1 = C2 = C3 = C4 = 1 nF, R1 = R2 = 2.78 k,
R3 = R4 = R6 = R10 = R11 = R12 = R13 = R16 = R17 = R18 = R19 = R22 = R23 = 10 k, R5 = R8 = 100 kR7 = 5 k, R9 = R15 = 1 k,
R14 = 33.33 k, R20 = R21 = 50 k, RW = 4.5 k.
Fig. 17. The diagram of implementation of the hyperchaotic system Lü system (3), where C1 = C2 = C3 = C4 = 1 nF, R1 = R2 = 2.78 k,
R3 = R4 = R6 = R10 = R11 = R12 = R13 = R16 = R17 = R18 = R19 = R22 = R23 = 10 k, R5 = R8 = 100 k, R7 = 5 k, R9 = R15 = 1 k,
R14 = 33.33 k, R20 = R21 = 50 k, RW = 4.4 k.
6. Conclusions
In this paper, a 4D hyperchaotic Lü system has been constructed by linearly adding a new variable to the 3D Lü
chaotic system. Some complex dynamical behaviors such as no-hopf bifurcation, chaos and hyperchaotic behaviors of
the simple 4D autonomous system are investigated and analyzed. The corresponding hyperchaotic and chaotic attractor
is first numerically verified through investigating phase trajectories, Lyapunov exponents, bifurcation paths, analysis of
power spectra and Poincaré projections, showing that a simple 4D system can effectively generate complex chaotic and
hyperchaotic attractors. More importantly, numerical study demonstrates that the new system hyperchaos exists over an
extremely broad high-magnitude bandwidth, which is very desirable for some engineering applications such as secure
communications. Finally, several circuits have been built for implementing the new system, showing a good agreement
between computer simulations and experimental observations.
The abundant and complex dynamical behaviors which the new autonomous system produces, despite its apparent
simplicity, are investigated and expatiated in this paper, but the attractors and their forming mechanism need study and
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Fig. 18. The diagram of implementation of the hyperchaotic system Lü system (4), where C1 = C2 = C3 = C4 = 1 nF, R1 = R2 = 2.78 k,
R3 = R4 = R6 = R10 = R11 = R12 = R13 = R16 = R17 = R18 = R19 = R22 = R23 = 10 k, R5 = R8 = 100 k, R7 = 5 k, R9 = R15 = 1 k,
R14 = 33.33 k, R20 = 138, R21 = 137.
Fig. 19. Experimental observation of the state x of system (9) with k = 25.
Fig. 20. Experimental observations of the state x of system (10) with k = 25.
further exploration, and their topological structure should be completely and thoroughly investigated. Therefore, further
research into the system is still important and insightful.
Finally, the control problem of a new hyperchaotic system is investigated using negative feedback control. Ordinary
feedback control, dislocated feedback control and speed feedback control are used to suppress hyperchaos to an unstable
equilibrium. Numerical simulations are presented to demonstrate the effectiveness of the proposed controllers. These
control methods are also used to control other chaos or hyperchaotic systems.
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Fig. 21. Experimental observations of the state x of system (11) with k = 25.
Bifurcations in general are very important in the theory of dynamical systems. They are the gateways to fascinating
phenomena such as stochastic resonance [40], coherence resonance [41] and even evolutionary resonance [42,43].
The study of these potential applications in the proximity of such states in this new 4D hyperchaotic system will be our
next research priority. In terms of visualization, one can visualize their attractors with the method proposed in [44]. These
results will be published in the other paper.
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